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a b s t r a c t

Frank first proposed the arterial resonance in 1899. Arteries are blood-filled elastic vessels, but
resonance phenomena for a fluid-filled elastic tube has not drawn much attention yet. In this study,
we measured the pressure along long elastic tubes in response to either a single impulsive water ejection
or a periodic water input. The experimental results showed the low damped pressure oscillation
initiated by a single impulsive water input; and the natural frequencies of the tube, identified by the
peaks of the response in the frequency domain, were inversely proportional to the length of the tube. We
found that the response to the periodic input reached a steady distributed oscillation with the same
period of the input after a short transient time; and the optimal pressure response, or resonance,
occurred when the pumping frequency was near the fundamental natural frequency of the system. We
pointed out that the distributed forced oscillation could also be a suitable approach to analyze the
arterial pressure wave. Unlike Frank's resonance model in which the whole arterial system was lumped
together to a simple 0-D oscillator and got only one natural frequency, a tube has more than one natural
frequency because the pressure Pðz; tÞ is a 1-D oscillatory function of the axial position z and the time t.
The benefit of having more than one natural frequency was then discussed.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Natural frequencies can represent the coupling properties of a
system. Arterial resonance was first proposed and studied quanti-
tatively by Otto Frank (1899). Remington and Hamilton (1945,
1947) initiated the “natural frequency” of the blood vessels. Most
researchers of hemodynamic took the axial blood motion as the
major momentum equation in arteries (Milnor, 1989; Li, 2000;
Parker, 2009) and due to the high dissipation in the blood flow,
those resonance models were neglected after the challenge by
McDonald and Taylor (1959). We became aware that resonance is
the missing phenomenon in hemodynamics (Lin Wang et al., 1991,
2004a). We analyzed from anatomic point of view that the major
function of heart is not to emit waves associated with the axial
blood motion but to provide pulsatile force to cause the aorta
conducting a distributed radial oscillatory motion which can be
represented and measured either by the distributed radius pulse of
the artery R(z, t) or the accompanied pressure pulse P(z, t)

(Lin Wang et al., 2007, Lin Wang and Wang, 2014a). To describe
this radial motion, we derived a low dissipative pressure-radius
(PR) wave equation for a fluid -filled elastic tube from Newton's
law (Lin Wang et al., 2004b; Lin Wang and Wang, 2014b).

Arteries are blood-filled elastic vessels. Resonance phenomena
for many different types of vibrations have been studied but the
resonant behavior of a fluid-filled elastic tube has not drawn much
attention yet. For the present study, trying to comprehend Frank's
arterial resonance model, we conducted experiments to examine
the pressure along a long elastic tube in response to either an
impulsive or a periodic water input.

2. Methods

2.1. Components

The experimental setup to examine the resonance behavior of a long elastic
tube is shown in Fig. 1.

2.1.1. Tubes
Latex tubes (Qualatex, Australia) with a Peterson's modulus EP ¼ Rð∂P=∂RÞ

(Peterson et al., 1960) value of 0.6�105 Nm–2, an inner diameter of 11.38 mm, wall
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thickness 0.31 mm and length either L¼1.80 m or L¼1.20 m were used (Fig. 1). Each
elastic tube was fixed by laying down on a horizontal wooden groove with length
2.00 m. The two ends of the tube were occluded. In order to guide the flow of the
water into the reservoirs, small holes were set at positions z¼L/6 and z¼5 L/6
of the tube.

2.1.2. Pump
The ASM46AA stepping motor (Oriental Motor, USA) capable of generating

either a periodic pulse or a single impulse signal was used to drive a pump. The
stepping motor was controlled by a computer and an SFG-2004 function generator
(GW Instek) which enabled us to adjust the duration for every water ejection and
the ejection period. The pump had a one-way valve to prevent water from flowing
backward and was connected to the elastic tube near one end of the tube, or at
zffi0.

2.1.3. Reservoirs
Reservoirs were connected perpendicularly to the main elastic tube via one-

way valves and long silicone tubes. The water level in the reservoirs was adjusted
to be 0.40 m above the longitudinal axis of the main tube, thereby producing an
initial hydrostatic pressure of 40 cm H2O.

2.2. Instrumentation

The pressure responses were measured for 10 s using a pressure transducer
(DP103, Validyne, USA) at various positions along the main tube. The full Scale of
the transducer is 0.8 PSI or 56.2 cm-H2O and the accuracy is 0.25% of the full Scale
or 0.14 cm-H2O. The pressure signals were amplified by a signal amplifier (CD223,
Validyne) and then transferred to a PC via an A/D converter (PCI-9111, ADLINK,
Taiwan) at a sampling rate of 4096 Hz.

2.3. Experimental procedures

Each measurement was repeated five times to enable statistical evaluations and
to ensure the reliability and reproducibility of the data.

2.4. Measure the responding pressure induced by a single impulsive water ejection

We first sent a single impulse signal to let the stepping motor rotate one
revolution in 50 ms, which drove the pump to inject impulsively 0.7 ml of water
into the elastic tube. The impulse pressure responses at two axial locations z1 and
z2 were recorded simultaneously by two pressure transducers. The two location
sites z1 and z2 were chosen from z¼L/3, z¼L/2 and z near L. The pulse wave
velocity C¼6.970.3 m/s was determined by z1�z2j j=Δt with Δt being the arrival
time difference for the wave fronts of the two recorded pressures. Pressure
responses measured in the time domain at various sites were transformed to the
frequency domain by FFT; and the peaks in the frequency domain were identified
as the damped natural frequencies (f nn) of the tube.

2.4.1. Measure the responding pressure induced by periodic water ejection
The stepper motor was set to rotate in a pulsatile fashion to inject 0.7 ml water

periodically into the tube from the reservoir during each revolution. The PC
controlled the water pumping frequency and the time duration of each ejection.
The ratio of the duration time to the period of the water input, or ejection fraction
(Reant et al., 2010), was chosen to be 30% to mimic left ventricular ejections
(Weissler et al., 1963).

For various input periods, the pressure responses at different sites were
measured in the time domain and transformed to the frequency domain by FFT.

To find the magnitude effect of the input, ejective volume of the water was then
changed from 0.7 ml to 1.0 ml per pulse.

3. Results

3.1. Natural frequencies of the elastic tube

Fig. 2a shows the response pressure in the time domain
initiated by a single impulsive water input near z¼1.80 m for the
elastic tube with length L¼1.80 m; it manifest as a damped
oscillation. Fig. 2b shows the response pressure in the frequency
domain, and the peaks of the response occurred at 1.770.1 Hz,
3.570.1 Hz, 5.370.1 Hz, which were identified as the damped
resonant frequencies f n1; f

n

2; f
n

3; ::: of the elastic tube.

3.2. The natural frequencies are inversely proportional to the length L

The measured fundamental damped resonant frequencies (f n1)
for the elastic tubes of length 1.80 m and 1.20 m, are 1.770.1 Hz
and 2.670.1 Hz respectively. The experimental results shows that
the natural frequencies of elastic tube systems are inversely
proportional to their total length L.

3.3. The steady state pressure response for a periodic water input

Fig. 3 shows the steady state pressure response measured near
the end of the elastic tube with length L¼1.80 m as the pumping
frequency f P was fixed to 1.7 Hz which is the fundamental damped
resonant frequency f n1.

3.4. Resonance phenomena

In response to any periodic water input, the pressure in the
elastic tube reaches and maintains in a steady oscillation with the
same period after a short transient time.

The pulse pressure is defined as the maximal change of
pressure, or the highest pressure minus the lowest pressure in
the periodic pressure response. The pulse pressure measured near
z¼1.80 m versus the pumping frequency f P for the frequencies

Fig. 1. Main components of the experimental setup: (1) near z¼0 m, a PC
controlled stepping motor, (2) a water-filled latex tube with length L (3) one-way
valves, (4) water reservoirs, (5) silicon tubes, and (6) pressure transducers. The
dashed lines indicate the level of water in the reservoirs.

Fig. 2. The measured impulse response of the pressure near z¼1.80 m of a latex
tube with length 1.80 m in (a) the time domain and in (b) the frequency domain.
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varying from 1.2 to 2.2 Hz is shown in Fig. 4; the size of the marker
represents the standard deviation of the five repeated experi-
ments, and all the SD are within five percent of the pressure
signals.

Fig. 4 shows that the peak of the responded pulse pressure
occurred at f P ¼ 1:7 Hz for the elastic tube of length 1.80 m which
is its fundamental damped resonant frequency f n1.

3.5. The distributed behavior of the pressure response

With the pumping frequency f P being fixed to 1.7 Hz, ampli-
tudes of the first three harmonic components of the periodic
pressure response measured at z¼L/2 and z¼L/3 along the elastic
tube of length L¼1.80 m are shown in Fig. 5. At z¼ L=2, the
amplitude of its second harmonic component is enriched as
compared with its first harmonic component.

3.6. The effect of the injective volume on the pressure response

As we changed the injective volume of the water from 0.7 ml
to 1.0 ml per pulse, the pulse pressure increased by appro-
ximately 25%.

4. Discussion

4.1. The water ejection provides a force to the elastic tube

In this study, the water ejected from the pump changes its
momentum as it encounters the water-filled elastic tube (Fig. 1);
based on Newton's law, it provides a force acting on the system
and induces a distributed response pressure along the tube (Lin
Wang and Wang, 2014a).

4.2. The coupling of the elastic tube causes a filter effect to select out
its natural frequencies

When the pump ejects a single impulsive water, it generates an
impulsive force. Since the Furious integral transform (Kreyszig,
2006) of an impulsive function of short duration in the time
domain is constant in the frequency domain, this force comprises
harmonic waves of all frequencies (or in terms of the terminology
of optics, a white wave). In spite of the white wave character of the
input force, the whole elastic tube has a filter effect to select out
the harmonic waves of frequencies f nn¼ωn

n=ð2πÞ as can be
observed from the peak locations of the pressure response in the
frequency domain (Fig. 2b).

4.3. The induced pressure is governed by a low dissipation wave
equation

If the wave mechanism in a tube system is of high dissipative
character, a single impulsive water input would induce a single
traveling response pressure that has significant space attenuation.
The response pressure also would decay rapidly at each location so
that it would not overlap with the response pressure initiated by
the next impulsive water input. Since there is no accumulation
effect by the repeated periodic water input, no resonance phe-
nomena could be observed for a high dissipative system. However,
if the wave mechanism is of low dissipative character, a single
impulsive water input would induce a low attenuated traveling
response pressure and at each location the response pressure
would perform a low damped oscillation. The low damped
oscillation is able to overlap with the new arriving response
pressure initiated by the next impulsive water input. In this
manner, the superposition of all the responses initiated by the
repeated periodic input will reach a steady oscillatory state and
manifests as a distributed stationary wave after a short transient
time which makes the resonance behavior plausible.

Fig. 2a shows that for a single impulsive water input, the
response pressure near the end of the tube does not just decay
exponentially, but oscillates more than five times with the period
corresponding to the natural frequency of the tube; it reveals the
low damping character of the response pressure. Thus, the experi-
mental results imply that the pressure wave equation in the water-
filled elastic tube with a Peterson's modulus of 0.6�105 Nm�2 is
governed by a low dissipated mechanism such as the PR wave
equation which is associated mainly with the oscillatory motion of
the tube radius R(z, t) (Lin Wang and Wang, 2014b).

Fig. 3. Periodic pressure response of the 1.80 m latex tube measured near
z¼1.80 m, the pumping frequency of the stepping motor was fixed at 1.7 Hz.

Fig. 4. Pulse pressure of the periodic pressure response of the 1.80 m latex tube
measured near z¼1.80 m, for pumping frequencies of the stepping motor between
1.2 and 2.2 Hz. (The SD is represented by the size of the marker).
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Fig. 5. The amplitudes of the first three harmonic components of the pressure
measured at z¼L/3 and z¼L/2 along the main tube. The pumping frequency of the
stepping motor was fixed at its fundamental damped resonant frequency (1.7 Hz).

Y.-Y. Lin Wang et al. / Journal of Biomechanics 48 (2015) 907–910 909



4.4. Resonance occurs when the frequency of the input is near the
fundamental natural frequency of the system

A periodic water input induces a steady distributed pressure
oscillation in the elastic tube, and Fig. 4 shows that that optimal
pressure response or resonance occurs when the frequency of the
input is near the fundamental natural frequency of the system.

4.5. The distributed arterial pressure could also be analyzed by the
same method

Those analyzing methods are applicable for tube systems that
are not stiff with the magnitude of the elastic modulus EP being
not much greater than the pressure P (Lin Wang et al., 2007); have
length not much greater than the wavelength of the pressure
(Migulin, 1983); and have the energy density associated with the
axial flow Q to be much less than the pressure energy density P. In
aorta, the energy density associated with Q is less than 5% of that
associated with the pressure P (Milnor, 1989, Lin Wang and Wang,
2013); the mean blood pressure is about 100 mmHg or 1:3�
104 newton=m2 and the magnitude of EP in a large artery has been
reported to be of the order 5� 104 newton=m2 for humans
(Milnor, 1989) which is not much greater than the pressure P;
and the fundamental wavelength in artery can be estimated by
PWV/heart rate or (5 m/sec)/(1/sec)¼5 m, which is also of com-
parable order as the length of the aorta. Furthermore, the
attenuation of the pressure wave along the aorta is low, hence
the distributed forced radial oscillatory motion could also be a
suitable approach to analyze the pressure wave in the aortic
system.

4.6. Comparing with Frank's arterial resonance model

Frank (1899) and his followers lumped the whole arterial
system together to a simple 0-D oscillator and got only one natural
frequency for the system. But for a long stretched cylindrical tube
performing a distributed-steady-periodic forced vibration in the
radial direction, it has more than one natural frequency because
the pressure Pðz; tÞ is a 1-D oscillatory function of the axial position
z and the time t. The input force supplying by the ventricular blood
input with period TH can be decomposed by Fourier series analysis
into many harmonic forces of discrete frequencies fn¼n/TH, with
n¼1, 2, 3,…; hence having more than one natural frequency for
the arterial system will make the resonance response to every
harmonic input force possible to achieve the optimal power
saving.
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